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SUMMARY

An approximation (the linear version of Burgers’ equation with appropriate initial data) to a simple wave initial
value problem for a set of two linear coupled dissipative partial differential equations is discussed. It has been shown
that for the class of square integrable initial functions of which the spectra (Fourier-transforms) have bounded support
24 the approximation is valid for some finite interval of time [0, T(4)]. For some finite time T; > T'(4) the approxima-
tion may fail. However, for t— oo, it is asymptotically valid again. For the class of initial conditions mentioned above
expansions in series of the two solutions, which for every finite interval of time [0, t] are convergent, may be con-
structed.

1. Introduction

1.1. Statement of the Problem

In physics one occasionally deals with the following simple wave initial value problem

a(s, 0)=/(s), (1)

B(s,00=0, )
for the set of nonlinear dissipative partial differential equations

o+ [1+2@ (2, B)]ots = p1(0tss— Bss) » (3)

Bi—[1+e¥ (@ B)] s = n(Bss— o) » 4)

where s runs through the interval (— oo, ), ¢ through [0, «©), &(«, §) and ¥ («, f) are con-
tinuous, often even monotonic functions of « and B, u and ¢ are real positive constants and the
subscripts s, ¢ denote partial differentiation with respect to s, respectively t. Moreover @, ¥ and
¢ have been chosen such that if 4 =0 the remaining set is hyperbolic. A well-known example is
found in Lighthill’s theory of waves in a real gas (Lighthill [1]).

An exact and complete solution of this initial value problem is at present beyond all pos-
sibilities. Therefore Lighthill used an approximation. When p=0 it is seen that (4) is satisfied
identically by B(s, t)=0. (3) then becomes a first order equation in «, which is readily solved.
The resultant solution is a simple wave solution (cf. Lax [2]) for the hyperbolic set obtained by
putting x=0. This explains the name we gave to the initial value problem. Lighthill’s ap-
proximation is based on the assumption that, when y is small, § will be negligible, at any rate
for some finite interval of time. In this way one obtains from (3):

o+ [ 1+ e (e, 0)] o, = potys (%)

which is an equation of Burgers type. In Lighthill’s example @ is linear in «. The exact solution
of the initial value problem is known in that case. The approximation of the solution a of
(1)—(4) by the solution o of (1) and (5) henceforth will be called the simple wave approximation.
Now some questions that arise are:
1. May, for some finite interval of time [0, T'] and some f(x), the simple wave approximation
be used indeed? If this is true, what can be said about the dependence of T on the initial
data? May T tend to infinity?

* Detached by Philips Research Laboratories.
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2. Frequently in such problems one attempts an expansion in series of o« where « is the first
term in the expansion. Does such an expansion really exist for some finite interval of time
[0, T and some f(x) and if so, does T depend on f (x) and may T tend to infinity?
In general these questions would present rather formidable difficulties. Therefore we make a
simplification by studying the linear system

o+ 0t ::.u(o‘ss_ﬁss)a (6)
ﬁt*ﬁszu(ﬁss—ass)9 (7)

subject to (1) and (2).
The Burgers approximation equation is given by

o+ ot — ot = 0. ®)

The solution of (8) subject to (1) will be called «, again.

We still did not speak about what precisely we mean with a useful approximation. For solu-
tions which are square integrable (we restrict ourselves to these solutions) we shall call the
solution a, a useful approximation to o in the interval of time [y, t,] (¢, >t,) if for every

tefty, t5]
S loe—atof? ds < S || ds .
§© s la|* ds often has the meaning of the energy of the a-mode. It then provides a quite suitable
norm for such a problem.
In a forthcoming paper we will treat a physical problem which leads to a special form of (3)
and (4). In this case the equations can be transformed into linear equations of the form (6) and

(7). Therefore the following considerations have at least some physical meaning.
2. Definitions and Notations

R: the interval (— oo, c0) of the real numbers.
Q: a strip in the st plane containing all the points satisfying the inequalities — o0 < s<
and 0<t< T < oo.
Consider vector-valued functions of n complex-valued components u=col.(u,(s, t),...,
u,(s, 7)) defined on R (¢ fixed) and Q respectively.
L,(R) is a Hilbert-space containing all square integrable n component vector-valued
functions on R, with inner products ( , ) and norms | | defined by

[¢3)

(1, 0) = S ut (s)o(s)ds 5 flul = (u w)?,
u' being the hermitian transpose of u.

The Sobolev-space Wj*(R) (m a positive natural number) is a Hilbert-space containing all
vector-valued L, (R) functions u(s) whose generalised derivatives D*u, (k=1, 2, ..., m) also are
elements of L,(R) (Smirnow [3]). The inner product and norm are respectively

(4, = 3, (D, D)+t 05 [l = (u,
i=1
C(R) s the set of all continuous, C'(R) the set of all i times continuously differentiable functions
on R.
L4(R) is a Hilbert-space containing all vector-valued functions u(s) in L, (R), of which the
Fourier-transform ii(k), defined by

k) = r u(s) exp (—iks)- ds , (1)

-

vanishes identically outside a finite interval [ — 4, 4] (4 € R), with inner products ( , )g 4 and
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norms || || 4 defined by:

Lo o)

(o= | 000003 Tl = (o

Using Parseval’s theorem one easily finds

1 4
IWMA=§E&wawwmk

L3 ,(Q) is a Hilbert space containing all vector-valued square integrable functions on Q, with
the properties: The Fourier-transforms defined similar to (1), for almost every te[0, T']
vanish identically outside a finite interval [ —4, 4], 4 eR. The inner products ( , )y ,.4 and
norms | | g4 are defined by

1
2n
where ¢ is a positive continuous function of k and ¢, which for every ke[ — 4, 4], te[0, T] is

bounded from above and from below. If ¢=1, we simply write L5(Q), || llg.4 and ( , )g 4
Finally we quote (for the proof see Smirnow [3], p. 486):

T -4
(4, V)g.q0= go S g (k, )t (k, t)o(k, t)dkdt; llullda= (1, u),
-4

Lemma 1: Let u(s)e W5(R) then D?u(s)—0 (1< p<m) and u(s)—0 when |s|—> 0.

Remark: Where not stated otherwise all integrations are in the sense of Lebesque and all
differentiations are meant in the generalised sense, although the classical notation will be
retained.

3. The Solution of the Initial Value Problem

3.1 Existence and Uniqueness

Consider, for vector-valued functions of two components u(s, ¢) defined on Q, the operator
equation

u,= Au, (1)
where u = col. (o, ) and
0 &?
A=Do t Asg,
D -1 0 y -1
Tlo a1 TR L

As A satisfies: (i) 4 is closed; (ii) for every ue D, Re(u, Au)< f(u, u); (iii) for every ve D .
Re(v, A*v) < B,(v, v); (iv) D= W3(R) is dense in L,(R), where D, is the domain of A, A* the
adjoint operator and f;, §, are real positive constants, it can be proved that (de Graaf [4]):

Theorem 1

1. The operator equation u,= Au is uniquely solvable for every u(s, 0)e W3(R), n=0
(W3(R)¥ L,(R)) and for every 0< t< T < oo the solution is an element of W% (R).

2. u(s, t)>u(s, 0) for t—0 in the sense of the L,-norm.

3. For an arbitrary initial condition u(s, 0)e W%(R) (n 20), u(s, t) may be represented by

uls ) = - g: exp— (4K -+ kD)t (k) exp (iks)- dk )
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where f (k) is the Fourier-transform of the initial value u(s, 0) and i=./—1.
4. The results of (1), (2) and (3) are true for L3(R) instead of L,(R) as well.

For purely parabolic equations u(s, 0)e L,(R) implies u(s, t)e W3(R). The linear Burgers
equation, to which the existence theorem applies in the same manner, belongs to this class of
equations, The coupled system (1) however is not purely parabolic as A has an eigenvalue zero.
This constitutes an essential difference between the coupled system and the linear Burgers
equation satisfied by o,

3.2 Stability and a Maximum-Modulus Principle

Theorem 2. Let u(s, 0) = f (s) € L, (R). The solution of the system (1) is stable in the sense that
for every t 20

lu@ll < KIS,

where K is a positive constant.

Proof: Let f(s)e L4(R). Premultiply u,— Du,— Au,,=0 with u', take the complex conjugate
of the resulting equation and add. We find

0 0
E(u*u)+—(,g(—uTDu—uTAus—u}Au)+2uIAus=0. (3)
This is essentially the energy balance equation. If we integrate (3) along the entire s-axis and

use lemma 1, we get

lu@l = 1f1 (20). \ (4)

The remaining part of the proof depends on closure. As L4(R) is dense everywhere in L,(R)
it is possible to find a sequence { f,} = L3(R) which converges to fe€ L,(R) in the sense of the
L,-norm. Then the solutions u,(s, t) corresponding to f,(s) also converge in that norm and
according to (4) lim,_, ., u,(s, £)=u(s, t), u(s, 0) = £ (s), u(s, t) is a solution and |u(t)| < | f].
This proves the theorem.

From a physical point of view it often is desirable or even necessary to have a maximum-
modulus principle. It is given by:

Theorem 3. Let u(s, 0)=f(s)e W3(R) and || f|l; < 6,/2 (5 is some real positive constant),
then we may define a function ii(s, tye C(R) such that for t 20

d(s,t)y=u(st) ae,

sup |@| < 6,
seR

where [i] = [&]+ | B].

Proof: Let u(s, 0)=f(s)e L3(R) and || f|l, < 8,/2. If u is a solution, u, is too. In this way we
find the balance-equation (3) where u has been replaced by u,. Adding (3) and the new equation,
integrating the result along the entire s-axis and using lemma 1, we obtain

”u(t)”1§|lf“1=5\/2 (tz0). (5)
By means of closure we may show that (5) also holds for f(s)e W}(R). From Sobolev’s em-
bedding theorem (Peletier [ 5]) we deduce the existence of a positive number M and a function
ii{s, t)e C(R) such that for >0

i(s,t)=u(s,t) ae,

sup l#(t)| < M{lu(®)ll, -

seR
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According to the before mentioned paper [ 5] the lowest value of M that may be chosen equals
4./2, which completes the proof of the theorem.

3.3 The Solution of the Simple Wave Initial Value problem

The solution (2) may be written as

afs, t) = 2%[ \: 1+ S:O 2] g (z) exp h(z, &)t-dz, (6)

B(s, t) = ZLWI: gO_o 1+ r_om 2} g (z) exp h(z, &)t-dz, (7
where ?

pk=z, ¢ =£t,

gV = Qi) ' z(1-22) " (07" ),
g?@) =0 -1+ -] (1-2)"2
h(z, &) = u ' [iz(1 - 22— 22 +iz&] .
The number 1 respectively 2 through the integration symbol means integration in the first,
respectively, second sheet of the complex z-plane. The first sheet is defined by
(1-2

lim —— = —i OZargz<m,
z

(u'2),

Bl
and the second by

1-22)
lim u:i OsargzZ<nm.

|z|— o0 Z

This corresponds to cutting the z-plane from — oo to —1 and from 1 to co. In the remaining
part of this paper we shall confine ourselves almost always to initial data in Lj(R), although
most of the results also apply to other classes of functions.

4. A Series Expansion of the Solution

Let f (s) belong to L(R). Defining the operators M and N by
0 0 02 0 0 0>
M = — —_— — — = — — — - —_—
atas T ta NTaTw Mae
we find by applying the first one to (1.6) and the second to (1.7)

o*a
L(X = 2 F, (1)
o*p
2 PRN—
L =u pr (2)
where
0? 0? a3 ot
“MN = — Qe pP
L ot 0s° 24 0s% ot tH os*

The initial conditions for this system are given by
ofs, 0)=1(s), (3)
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o (s, 0) = — j—-ﬁ +u j f, )
B(s,0)=0, (5)
Bls0)= — w2, ©)

As we assumed a and f to be in L4(R), all the operations were allowed indeed. By now it may
be seen that (1)—(6} are equivalent to (1.6) and (1.7) subject to (1.1) and (1.2). Consider in L5(Q)
the integral equations:

o=Boe+ay, B=Bf+p,, (7)

with hold for every te [0, T1] and almost every se R and where
. 3 K2 (=)~ ik
Bo = — dk drk’sink(t—1)e™# 7R g(k, 1),
P 0

4
| T e, ®)
-~ A4

OCO2277:

A
Bo = £ S kf (k) sin kt e~ #¥t gk |
2n ) 4

Using these integral equations an expansion in series of the solution of our original system
(1.6)and (1.7) will be derived. Of course other integral equations could have been used. However
we choose the present ones as o, satisfies Burgers’ equation and the initial value a(s, 0)=f(s)
exactly.

Theorem 4.  For every finite A and every finite positive number T, (7) has a solution which for
every te[0, T belongs to L3(R). It is the limit of the sequence

N
Y. o for N-ooo,
n=0

where

0O =gy, atD = By n=0,1,2..).
Proof: From

Z a(k, t)

H

w0 t rTm~1 n
Y S dr, 5 dr, 2k [ sin k(g -, —1;) e # = *ep| 7 (k)|
0

n=1 /0 j=1
< 7] 5 S - ey 0
where 7,=t, we immediately deduce
i @) = =1 160 (1) | g4 1o
n= R.4

which implies that for all te[0, T]

S ()
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has a limit for N— oo in the sense of the L4(R) norm. The limit will be called «. Furthermore we

have:
N
B( Y a(")—a)
n=0

For every te[0, T] and almost every s

N N-1
Y a®=B Y a"ta,,
n=0 n=0

<i2AT (tef0, T]).
A4

ul (n)
a™ —o
n;o

Q. Q.4

N
a— Y o =0, lim
n=0 LK O] N— o

which implies, using lim

N

=0:
0.4

N
B(fx -3 a‘"ﬁ
n=0

However as, according to (9), « is a continuous function of 7, we obtain that for every 1€ [0, T']
and almost every seR « satisfies (7).

||OC—BO(—-O(0HQ,A == 0 .

Theorem 5. The solution o(s, t), found in theorem 4, for every t€[0, T is unique in the sense
of the L3-norm and -

”fl’““o”R,Aé(eTuZAS"l)H““R.A (te[0, T]).

Proof: Let « be another solution belonging to L3(Q) as well.
Introduce the function q(k, t) by

& (k, 1) = exp— (422 (1)}

Call the difference «—a«' =4. Using Schwarz’s inequality we find:

1 B&|1g 40 =
4 T 4 -t Py 2
— H S S 6 .2 j : s k2 (t—T) d(k, T)
= — |\ dt dkk k,t sin k(t—1)-e k 1) - dr
A q* (k, t) . (t—1) q( )q(k, )

HA

: 416 ' ' qz(k’ t) =) 5112
maximum { u*k S dtS dt = g2kl ’)}- 1813,4.4
{te[0, T1; ke[— A4, A1} 0 o q(k T)

<38)aq-

As @=Ba for all te[0, T] and almost every seR and 0=||&d—B&| 3 4, 2>311813 4, we infer
that || &5 4,,=0 and so | &, ,=0. Using the continuity with respect to ¢ of &, this proofs the
first part of the theorem. The second part follows immediately from (10) and the relationship
loollr 4= llallg,4 which will be proved in the next section.

Corollary 1
It is clear that similar results may be proved for the f-mode by using

Y B™, where BU=p,, B"TV=BFY  (1=1,23..)
n=1

Corollary 2
For functions f (s)€ L, (R), but not in any L3 (R), similar theorems may be proved (the integra-
tion-interval with respect to k then runs from — o to c0) if f (k) tends to zero at least as fast as
exp (—c|k|?) (¢ 26 >0) when |k|—oc. This may be seen from (9).

It remains to be proved that « and f thus found also satisfy the original differential equations
(1.6) and (1.7), subject to the initial conditions a(s, 0)=f (s), B (s, 0)=0. Using the formulas of
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appendix 1, it is easily shown that they satisfy (1)-(6) but then we immediately may deduce that
they satisfy the original equations and initial conditions as well.

5. Behaviour when t— oo
5.1 The Simple Wave Approximation when t— oo

At first we note an interesting relation between the energy of the a-mode and the energy of the
f-mode.

Theorem 6. Let f(s)e L,(R), then for all t 20
la @12 = 18O+ oo @)1, (1)

where |, ||? is the energy of the solution aq of the corresponding Burgers problem.

Proof: Using (4.8), Parseval’s theorem and transformation to the integration variable z by
means of z=puk gives

lloto (£) 1% = e T fum ) 2dz . )

=il
As is easily seen from (3.6) and (3.7) the solutions « and  may be represented by one integral
(with respect to z) each. Transforming the integration variable z to k, using Parseval’s theorem
and transforming backwards, we find that

. 1 (® 2? .2 L2 W S P Y
1B0OF = 5 |7 st (T2 L) e g, 0)

and J|a(t)(|* equals the sum of ||ay(t)||* and || B(¢)]>.

Remark: Untilnow we have not been able to prove this relationship without using the integral-
representations of the solutions. An alternative proof is based on the remark that, using the
notation of 3.1,

locl> =1 81> = —(u, Du) .

This can be worked out, using the representation (3.2). In this way one is led to (1) provided
that the second component of f (k) in (3.2) vanishes. The main theorem of this chapter is given
by:

Theorem 7. Let f (s)e L5(R), f (k) analytic in a vicinity of k=0 and f (0)5£0. Then a constant
K exists such that for t— o0

lo—otol? < K™ lorf)? .

Proof: The proof will be split into some lemmas.

Lemma 2. Let f(s)e L,(R). For every t 20
lo—ool? =2 |2+ | B +1,

where

I= 51%[ J 1+ Jw 2] ¢(z) [e¥D" 4 eP*@ 4z,

o0

¢(z)=3[1—-(1—22PJ(1—2)"F|f (w1 o),
Y,(2)=p iz+iz(1-22)E-222], P,(2)=¥.(-2).
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Proof: Similar to the proof of theorem 6.
In the three following lemmas we assume f (k) to satisfy the conditions of theorem 7.

Lemma 3. A real positive constant L exists such that when t— o0

1

ENGIE= 2

Proof: Using the method of saddle-points (de Bruijn [6]) one easily finds

2
faotia= DO L 04 o),

from which the lemma immediately follows.

Lemma 4. Real and positive constants K, and K, exist such that when t— x
IBIP< K, 7%, )

]u A 7)[' {’%}

Proof. At first we remark that if the points —1 and 1 are contained in the integration interval
the integrals

1+4 r—14+¢ ZZ t
U + S :l — sin ( z./1—2? ,l_l> e*?ZZ“‘ltlf(y'lz)lzdz,
Jl—eg

1-sll—z

where & >0, § >0, for t—c0 are O (e~ "*t*) when ¢ and 4 are chosen small enough. Let ¢ and &
be chosen in that way then ’

1 , _
1BOI1* = O(t*e™ )+ ﬂ[[cl + L 2:' @(ZZ—Z;T)V(#MIZWGZ"(Z’O)WZ
) 2
. ﬁl—)!f(ﬂ_lz)lz e~ 2=l gy

where, if pd >1+6

C=[—pd, —=1=01+[—1+4¢ 1—¢]+[1+0, ud]
and f uyd <1496

C=[—14+¢1—¢].

The real part of h(z, 0) is smaller than —(2u) ™! at the positive side of the cuts in both sheets of
the z-plane. This implies that the integrals along [ —pd, —1—5] and [1+6, ud] are O(e™"*)
for t—00. As (0h/0z) (z, 0) #£ Ofor ze[ — 1+ p, 1 — p] we find by using appendix 2 that the part of
the first two integrals in the right-hand side running from —1+¢to 1 —¢is O(¢:~2) when t—c0.
The remaining integral from —1+¢ to 1 —¢ can be approximated by means of the saddle-point
techniques which finally results in (4). The second part is also proved by using these techniques.

Lemma 5. Whent—wo

lf7(w)12 (214 0.

Proof: As in lemma 4 we may choose ¢ >0 and p >0 such that

2 HHJ] + S_HEJ} ¢ (2) [e¥' + ¥ dz = O(te )

1-¢ -1-45

I =

Journal of Engineering Math., Vol. 4 (1970) 305-318



314 L. J. F. Broer, M. F. H. Schuurmans

when t—oo. The contributions of [ —ud, —1—p] and [1+p, ;LA] (if there are any) are
O(exp—(1+3/3)u~"t) when t—oo. Remain two integrals running from —1+¢ to 1—e.
Using appendlx 2 we flnd the integral defined in the first sheet to be O(t~2). Application of the
method of saddle-points to the second integral then yields the required result. We now return
to the proof of our theorem. From lemma 2, 4 and 5 we deduce the existence of a real positive
constant K such that when t— o0

lor—otofl? < K™%

From this relationship and lemma 3 the theorem immediately follows.

Remark 1. The condition f (0)#0 is not essential to the proof. If f (0)=0 the result turns out
to be similar.

Remark 2. The proof may also be given for other classes of functions, for instance the Hermite
functions

FO=(-1pe ) =012,

the “Laguerre functions”
{s" ¢ s<£0

flo)= 0 20

} (n=0,1,2,..) - (5)
and modulations of these functions with exp (ik, s). Only slight modifications have to be made.

Remark 3. Although the spectral range of the initial function f (s) may be very large we see
that when t— oo Burgers’ equation perfectly describes the behaviour of the a-mode. This rather
surprising result is essentially due to the fact that the solution when t— oo almost only depends
on the spectrum f (k) of f(s) in a vicinity of k=0.

5.2. The Asymptotic Behaviour of o and f§ when t— w0

As the results concerning the « and f-mode are a bit surprising it seems worth while to look
at the asymptotic behaviour of the solutions « and § itself and to see what actually is going on.

For this purpose we shall use the method of saddle-points again. These are located at the
roots of dh/dz=0 or

%—:%)—%)= G(z).

It is clear that with the possible exception of a finite number of values of ¢ h(z, ) has three
saddle-points. The reflection principle of Schwarz (Bieberbach [ 7]) shows that G (iz)= G*(iz*)
where z* is the complex conjugate of z. If 4 has a saddle-point in iz then G* (iz)= G (iz) and so
G(iz)=G(iz*) which implies that the saddle-points are located symmetrically with respect to
the imaginary axis of the z-plane. As G;(z)= —G,(—z) (the index defines the sheet of the
z-plane the function is defined in), it follows that if the pair {¢, z} satisfies ¢ =G, (z) then { —¢,
—z} is a solution of ¢=G, (z). Therefore we can confine our investigation to ¢ 0. By now it
may be seen quite easily that if £ runs from 0 to .o h, has a saddle-point z, (¢) running along
the i 1mag1nary axis of the z-plane from —ico to ico and h; has two saddle-points zz(f) and

z3(&) in the upper half plane. They are situated as shown in fig. 1.

By now it is quite standard to derive the asymptotic expansions of the integral-representa-
tions. We shall not go into the details of this procedure but merely sketch its result derived for
the case we use the continuous functions of (5) as initial data. When t— o0 the a-mode of the
wave-phenomenon consists of a right- and a left-travelling wave. It has sharp “peaks” around

E= —2iz —
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Isz

Fig. 1. The contours of the saddle-points z, (&), z,(¢) and z;(£).

]

Fig. 2. The a-mode.

Fig. 3. The f-mode.

and maxima along s=t¢ (of O(t~ %)) and s= —1(0(t"%)). To the left and to the right of these
maxima a=0(e” ), ¢ >0.

The f-mode has the same features as the x-mode, however both maxima are O(t™%). The
amplitudes at these maxima are opposite in sign. The width at half maximum of the peaks is
O(t™%). In fig. 2 and 3 the situation, when n is even, is drawn. For L3(R) and also for Hermite
functions similar results may be derived.
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6. Conclusions

For every f (s)e L3 (R) we have shown that for every finite interval of time [0, T a convergent
expansion in series of the solutions o« and f does exist indeed. The first term in the expansion
of o is given by wy, the solution of the Burgers approximation problem. Furthermore for every
tel0, T]

la—aollra < €7 = 1) falrs

which shows that the approximation in the interval [0, 7] may be made as close as one wants
to by choosing 4, p and T.

From (5.1), (5.2) and (5.3) some further information may be drawn. Let f(s) ==~ *(sin .~ !5)/s,
that is f(u~'z)=1 for |zl <1 and f(u"'z)=0 elsewhere on the real z-axis. Then from (5.3)
we easily obtain for t=p

9 ¢ 2
B> s | e s> sl

or using (5.1), (5. 2) and the triangle inequality

o=l > 575 ¢3 laol

which implies that under circumstances the simple wave approximation may break down.
However, as we have seen before, when t—o0 a positive constant K exists such that
loe—aoll < Kt™¥[ato]
and so the approximation may be used again.
Appendices
Appendix 1

Define
213

Pk t—1,5) =~ —sin k(1 —7) exp [ — uk? (= 7) +iks]

Lemma 6. For every te[0, T| and almost every s€ R, the solution of (4.7) satisfies:

0 4 t
F(a—%) = S dkg dt Pk, t—1, s)a(k, 1),
t -4 0

62 4 t 4
5 (a—ag) = g Adkg de P, (k, —r,s)&(k,r)—l-g A P,(k, 0, 8)a(k, 1),
0 —~4

an+1

FEn (x—oto) S S P(k, t—1,s)a(k, 7)(ik)", j=0,1;n=0,1,2.
Proof:

t .| aj

S drg e Plk =5, )l ) (=0,1,2;1=0,1,2,..)

0 -4
converges uniformly with respect to seR, te[0, T] for

4 t 4 T

j dks de | k) Pk t—, )3k, 7) | < A’+3(A+,uA)S dkS drialk, )|

-4 0 a -4 0

A
<u (n > A3 A4 pd?) ol .4
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and ae L(Q).
Now we have

t A L]
Smg dk Py(k, t—1 akr_~gdﬂ MS dk Py(k, 0—, 5)a(k, <)
0 —A 0

~

d
d ! _
- die[P(k, t—1,s)—P(k,0,5)]a(k, ) =

0

aES dkSo SdePake s)a(k, 7)
FS ‘”‘S

5

for P(k, 0, s)=0
The other formulae can be proved in a similar way.

Appendix 2
Define

I= SNNg(Z)eh(z)’dz (t=0, N=N,>0).
g(z) and h(z) are complex valued functions satisfying:

(@) For every z satisfying N = |z| =26 >0 a positive constant p exists such that
e =0@E7") (t—0).

(b) For every |z| < N,t=0
" < 1.

(c) For every |z]< N h(z) is three times continuously differentiable and dh/dz # 0.
N

(d) S lg (z)|dz is finite.
~N

(e) g(z) is analytic in a vicinity of z=0.

Lemma 7. When t—o0

=0(t™?).
Proof: Let g(z) be analytic in an open interval containing [ —¢, 8] (6= >0). As is easily
seen using (a) and (d) a positive constant p exists such that

U:: * j‘:l g(z)e"*dz = 0(e™?')

when t— 0.
From partial differentiation of the remaining integral using (c), (e) and the analyticy of g(z)
one obtains

2 re 1 1 I N 7"

- p g'h—gh 3wh—ﬂ)}

I=0(™" —i——S { - — - " dyz 1)
( ) tz . (h )3 (h )4 . (

where the accent(s) denote differentiation(s).

(1) and (b) now immediately imply the theorem.
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